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ANALYTICAL RESEARCH ON 

SYNCHRONOUS GYROSCOPIC VIBRATION ABSORBER 

SUMMARY 
0 / 

The f e a s i b i l i t y  of a synchronous dynamic v i b r a t i o n  a b s o r b e r  
based  on  g y r o s c o p i c  resonance  is demonstrated a n a l y t i c a l l y  and 
e x p e r i m e n t a l l y .  The l i n e a r i z e d  e q u a t i o n s  of mot ion  a r e  s o l v e d  
f o r  r e s p o n s e  of t h e  body t o  which t h e  a b s o r b e r  is a t t a c h e d  a s  a 
f u n c t i o n  of e x c i t a t i o n  f requency ,  gyro speed,  e x c i t a t i o n  f o r c e ,  
and gy ro  c o n f i g u r a t i o n  c h a r a c t e r i s t i c s .  A method of  s o l v i n g  t h e  
n o n l i n e a r i z e d  e q u a t i o n s  is p resen ted .  Because of t h e  e x c i t a t i o n  
s y n c h r o n i z a t i o n  p o s s i b l e ,  t h e  s u p e r i o r i t y  of t h e  g y r o s c o p i c  
a b s o r b e r  o v e r  t h e  c o n v e n t i o n a l  Frahm a b s o r b e r  is demonstrated.  
For  a p a r a l l e l  arrangement  of  two gyroscop ic  a b s o r b e r s ,  one dampe.’ 
and one undamped, b o t h  an  undamped a n t i r e s o n a n t  f r equency  and a 
damped r e s o n a n t  f requency  are ob ta ined .  

The e f f e c t s  of e l a s t i c  res t ra int ,  damping, and f l e x i b i l i t y  
i n  t h e  s u p p o r t  s t r u c t u r e  were examined a n a l y t i c a l l y .  Ana lys i s  
i n d i c a t e s  t h e  f e a s i b i l i t y  o f  s imul t aneous  s y n c h r o n i z a t i o n  of  an 
a b s o r b e r  t o  t w o  e x c i t a t i o n  f r e q u e n c i e s  and i s o t r o p i c  a b s o r p t i o n  
i n  t h e  p l a n e  of r o t a t i o n .  

1 



INTRODUCTION 

I n  veh ic l e s  and machines  which a re  s u b j e c t e d  t o  v i b r a t o r y  
f o r c e s  of c o n s t a n t  f requency ,  c o n v e n t i o n a l  dynamic v i b r a t i o n  ab- 
s o r b e r s  (of t h e  t y p e  i n v e n t e d  by H. Frahm i n  1909) have  been used  
w i t h  g r e a t  success. When t h e  f r equency  of t h e  e x c i t i n g  force 
Varies even s l i g h t l y ,  t h e  c o n v e n t i o n a l  dynamic a b s o r b e r  m u s t  b e  
h e a v i e r  t h a n  t h e  weight  n e c e s s a r y  t o  meet f o r c e - l e v e l  and t u n i n g  
r equ i r emen t s ,  because t h e  f r equency  bandwidth of s i g n i f i c a n t  
a t t e n u a t i o n ,  which is a f u n c t i o n  o f  t h e  mass of  t h e  a b s o r b e r ,  
m u s t  be t h e n  wide enough t o  c o v e r  t h e  r a n g e  of  e x c i t a t i o n  f r equency .  
I f  t h e  e x c i t a t i o n  f r equency  v a r i e s  more t h a n  a few p e r  c e n t ,  a 
c o n v e n t i o n a l  dynamic a b s o r b e r  of  t o l e r a b l e  weight  is l i k e l y  t o  do 
more harm t h a n  b e n e f i t .  

A l l  r o t a t i n g  machinery produce  v i b r a t o r y  f o r c e s  on t h e  sup-  
p o r t i n g  s t r u c t u r e .  The f r equency  of  these e x c i t a t i o n s  a re  
harmonics o f  t h e  r o t a t i o n a l  f requency .  I n  some i n s t a n c e s ,  s u c h  
a s  t h e  case o f  a v e r y  a c c u r a t e l y ,  b u t  n o t  p e r f e c t l y ,  b a l a n c e d  
gyroscope,  t h e  e x c i t a t i o n  f o r c e s  a r e  small. I n  cases l i k e  t h e  
h e l i c o p t e r  and sc rew-dr iven  ocean  v e s s e l ,  t h e  e x c i t a t i o n s  a r e  
u s u a l l y  q u i t e  l a r g e .  In almost a l l  cases of  r o t a t i n g  machinery,  
t h e  e x c i t a t i o n  f r equency  v a r i e s  a t  l ea s t  a few p e r  c e n t .  I n  many 
c a s e s ,  such a s  ocean  v e s s e l s  and c e r t a i n  compound a i r c r a f t ,  t h e  
e x c i t a t i o n  f r equency  w i l l  v a ry  t o  s u c h  a d e g r e e  t h a t  c o n v e n t i o n a l  
dynamic a b s o r b e r s  a r e  i m p r a c t i c a l .  

F igu re  1 shows t h e  dynamic r e s p o n s e  o f  a s t r u c t u r e  w i t h  one  
n a t u r a l  f requency .  The s t r u c t u r e  undergoes  a r e s o n a n c e  when t h e  
e x c i t a t i o n  f r equency  c o i n c i d e s  w i t h  t h e  n a t u r a l  f r equency .  I n  
F i g u r e  2, t h e  e f f e c t  of a t t a c h i n g  a c o n v e n t i o n a l  dynamic a b s o r b e r  
t o  t h e  s t r u c t u r e  is shown. The a b s o r b e r  creates a n  a n t i r e s o n a n c e  
f o r  one  p a r t i c u l a r  f r equency ,  b u t  i t  adds  a n o t h e r  degree of f r e e -  
dom t o  t h e  system, and t h e r e f o r e  adds  a n o t h e r  n a t u r a l  f r equency .  
U n l e s s  t h e  e x c i t a t i o n  is r e s t r i c t e d  t o  a v e r y  narrow r a n g e  a b o u t  
t h e  a n t i r e s o n a n c e ,  t h e  a d d i t i o n  o f  t h e  a b s o r b e r  r e s u l t s  i n  t w o  
p o t e n t i a l l y  ser ious a m p l i f i c a t i o n s  i n s t e a d  of one  (Refe rence  1). 

F i g u r e  3 i l l u s t r a t e s  a d i f f e r e n t  c o n c e p t  i n  s t r u c t u r a l  v i b r a -  
t i o n  a b s o r p t i o n :  t h e  s t r u c t u r a l  Frequency Response Curve is made 
t o  be a f u n c t i o n  o f  t h e  RPM of t h e  e x c i t a t i o n  machinery and v a r i e s  
i n  s u c h  a manner t h a t  t h e  a n t i r e s o n a n c e  f r e q u e n c y  c o i n c i d e s  w i t h  
t h e  e x c i t a t i o n  f r equency .  T h i s  r e s u l t s  i n  v e r y  n e a r l y  100 p e r  
c e n t  a b s o r p t i o n  a t  v i r t u a l l y  a l l  RPM. The f r e q u e n c y  a t  which t h e  
Gyroscopic  V i b r a t i o n  Absorber  is t h e  most e f f e c t i v e  is a f u n c t i o n  
of t h e  speed  of t h e  g y r o  wheel .  As a r e s u l t ,  t h e  g y r o  s p e e d  may 
be synchron ized  d i r e c t l y  t o  t h e  e x c i t a t i o n  f r e q u e n c y .  

2 
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F I G U R E  3. - GENERAL RESPONSE OF A 
STRUCTURE WITH SYNCHRONOUS V I B R A T I O N  ABSORBER 



I n  t h i s  r e p o r t ,  t h e  a n a l y t i c  p r i n c i p l e s  of the synchronous 
g y r o s c o p i c  v i b r a t i o n  a b s o r b e r  a r e  e s t a b l i s h e d .  The a n a l y s i s  is 
d i r e c t e d  toward a c c u r a t e  d e s c r i p t i o n  of t h e  p e r t i n e n t  e q u a t i o n s  
of motion,, L i n e a r i z a t i o n  of t h e s e  e q u a t i o n s  w i t h  t h e  assumption 
of small a n g u l a r  motion is accomplished. A s  w e l l ,  t h e  r e s t r i c t i o n  
t o  s m a l l  a n g l e s  is removed for an a l t e r n a t e  s o l u t i o n  o f  t h e  re- 
s u l t i n g  n o n l i n e a r  e q u a t i o n s ,  There  is c o n s i d e r e d  t h e  e f f e c t s  of 
damping and s p r i n g  r e s t r a i n t .  The primary c h a r a c t e r i s t i c  sought  
was t h e  r e sponse  of a body t o  which t h e  a b s o r b e r  is a t t a c h e d  as a 
f u n c t i o n  of t h e  e x c i t a t i o n  frequency,  gyro  speed,  t h e  r a t i o  o f  
force/mass,  damping, e l a s t i c  r e s t r a i n t  and a b s o r b e r  m a s d e f f e c t i v e  
mass r a t i o .  

D e r i v a t i o n  of t h e  e q u a t i o n s  of motion was accomplished by 
Lagrangian methods. The l i n e a r i z e d  s o l u t i o n  of t h e  Gyroscopic  
V i b r a t i o n  Absorber  (GVA) e q u a t i o n s ,  wi thout  s y n c h r o n i z a t i o n ,  was 
compared t o  t h e  c h a r a c t e r i s t i c  response  of t h e  Frahm abso rbe r .  
I n  a d d i t i o n ,  a l i n e a r i z e d  s o l u t i o n  of e q u a t i o n s  of  motion f o r  a 
combina t ion  of t w o  g y r o s c o p i c  a b s o r b e r s  mounted i n  p a r a l l e l  was 
o b t a i n e d  and compared w i t h  a s i m i l a r  Frahm combinat ion.  I n  bo th  
combina t ions ,  o n l y  one, i .e. Frahm o r  GVA, was damped. 1 

A method of s o l v i n g  t h e  l a r g e  ang le  e q u a t i o n s  of  mot ion  was 
c o n t r i b u t e d  by Dr, Howard W. B u t l e r ,  Chairman of  t h e  Department 
of Mechanical  Engineer ing  a t  West V i r g i n i a  U n i v e r s i t y  and fo rmer ly  
of t h e  H a r t f o r d  Graduate  Cen te r  of Rensse l ae r  P o l y t e c h n i c  I n s t i -  
t u t e .  Hr. Roland Anderson and Mr. Michael Smith p a r t i c i p a t e d  i n  
t h e  d e r i v a t i o n  Of t h e  equat ions  of motion and t h e  s o l u t i o n  of 
t h e  l i n e a r i z e d  equat ions .  
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DISCUSSION OF DYNAMIC ABSORBERS 

The Frahm Absorber  

The spr ing-mass dynamic v i b r a t i o n  a b s o r b e r ,  i n v e n t e d  by 
H,  Frahm i n  1909, is s u c c e s s f u l l y  used,  i n  a wide v a r i e t y  of 
a p p l i c a t i o n s ,  t o  modify t h e  dynamic r e s p o n s e  o f  s t r u c t u r e s  i n  
s u c h  a manner t h a t  an  e s s e n t i a l l y  i n f i n i t e  impedance ( z e r o  re- 
sponse )  is c r e a t e d  a t  t h e  a t t a c h m e n t  p o i n t  of t h e  a b s o r b e r  f o r  a 
p a r t i c u l a r ,  p rede te rmined  f r equency ,  When t h e  e x c i t a t i o n  fre- 
quency o n  any  machine or  s t ructure  is n o t  c o n s t a n t ,  or very  n e a r l y  
so, t h e  Frahm a b s o r b e r  is i n e f f e c t i v e  and may, because  o f  t h e  
r e s o n a n t  c o n d i t i o n  i t  adds  t o  t h e  s y s t e m ,  do more harm t h a n  good 
(Reference 1). The f r equency  bandwidth,  a c r o s s  which  t h e  Frahm 
absorber is s i g n i f i c a n t l y  e f f e c t i v e ,  is a f u n c t i o n  of t h e  r a t i o  
of  t h e  a b s o r b e r  mass t o  t h e  " e f f e c t i v e  mass" o f  t h e  s t r u c t u r e  t o  
which it  is a t t a c h e d .  Because e x c i t a t i o n  f r e q u e n c i e s  a lmos t  
a lways  vary a t  l ea s t  a few p e r  c e n t ,  most v i b r a t i o n  a b s o r b e r s  i n  
u s e  i n  a i r c r a f t  today  m u s t  b e  s e v e r a l  times h e a v i e r  t h a n  t h e  mini -  
mum w e i g h t ,  d i c t a t e d  b y  f o r c e - l e v e l  and t u n i n g  r e q u i r e m e n t s ,  t o  
a d e q u a t e l y  cove r  t h e  e x c i t a t i o n  bandwidth (Reference  2) .  

The f u n c t i o n  of an undamped dynamic a b s o r b e r  is t o  react t h e  
e f f e c t i v e  e x c i t a t i o n  force, a t  t h e  a t t achmen t  p o i n t  of  t h e  ab- 
s o r b e r ,  and n o t  ( c o n t r a r y  t o  what i ts name seems t o  imply)  t o  
"absorb" 9 c e r t a i n  amount of  " v i b r a t o r y  energy" from t h e  s t r u c -  
t u r e ,  The maximum f o r c e  which a Frahm a b s o r b e r  c a n  react  is 
de termined  by t h e  a l l o w a b l e  stress i n  its s p r i n g ,  t h e  s p r i n g  
s t i f f n e s s  and t h e  maximum d e f l e c t i o n .  However, t h e  a n t i r e s o n a n t  
f requency  is g i v e n  by t h e  r a t i o  of t h e  a b s o r b e r  s p r i n g  s t i f f n e s s  
t o  a b s o r b e r  mass. It is r e a d i l y  a p p r e c i a t e d  t h a t  t h e  d e s i g n e r  of 
a Frahm a b s o r b e r  o f t e n  h a s  a d i f f i c u l t  t a s k  s t r i k i n g  a r e a s o n a b l e  
b a l a n c e  between t h e  stress, s t i f f n e s s  and minimum weight  r e q u i r e -  
ments  f o r  g i v e n  f o r c e  l e v e l  and a n t i r e s o n a n t  f r e q u e n c y ,  

The i n e f f e c t i v e n e s s  o f  t h e  Frahm a b s o r b e r  a t  any b u t  a s i n g l e ,  
n e a r l y  c o n s t a n t  e x c i t a t i o n  f r e q u e n c y ;  t h e  n e c e s s i t y  f o r  a d d i t i o n a l  
a b s o r b e r  weight  t o  g i v e  a p r a c t i c a l ,  a l t h o u g h  s t i l l  narrow band- 
w i d t h ;  and t h e  i n h e r e n t  d e s i g n  l i m i t a t i o n s  n e c e s s i t a t e d  by t h e  
p o t e n t i a l  energy  p o r t i o n  of  t h e  a b s o r b e r ,  m o t i v a t e d  a search for 
a p u r e l y  k i n e t i c  dynamic a b s o r b e r  hav ing  a r emote ly  c o n t r o l l a b l e  
and l i n e a r l y  s y n c h r o n i z a b l e  a n t  i r e s o n a n t  f requericy,  T h i s  search 
r e s u l t e d  i n  t h e  Gyroscopic  V i b r a t i o n  Absorber ,  
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L i n e a r  Synchronous Absorbers 

'While synchronous  a b s o r b e r s  have been u s e d  i n  
t o r s i o n a l  s y s t e m s  (Reference 1 )  for many yea r s ,  t h e  o u t -  
o f - p l a n e  C e n t r i f u g a l  pendulum (References  8,  9 ,  and  10) 
is t h e  o n l y  synchronous  absorber f o r  g e n e r a l  u s e  i n  l i n e a r  
v i b r a t i o n s  other  t h a n  t h e  GVA. The o n l y  r e f e r e n c e  i n  t h e  
l i t e r a t u r e  known t o  t h e  a u t h o r s ,  which d i s c u s s e s  actual 
e x p e r i m e n t s  w i t h  t h i s  a b s o r b e r  (Reference  10 )  i n d i c a t e s  t h a t  
t h e  d e v i c e  was n o t  s u c c e s s f u l .  I t  might be l o g i c a l l y  
presumed tha t  f r i c t i o n  from c e n t r i f u g a l  l o a d i n g  of the 
pendulum p i v o t s  c o n t r i b u t e d  t o  t h e  lack of s u c c e s s  i n  t h e  
e x p e r i m e n t ,  a l t h o u g h  t h i s  is c o n j e c t u r e .  One of t h e  ob- 
j e c t i v e s  i n  t h e  d e s i g n  of the GVA was t o  a v o i d  a large 
s t e a d y  r a d i a l  l o a d  ( s u c h  a s  c e n t r i f u g a l  f o r c e )  on t h e  
osc i l l a to ry  p i v o t s .  

The ou t -o f -p l ane  c e n t r i f u g a l  pendulum a b s o r b e r  is 
q u i t e  space-consuming f o r  a i r c r a f t  a p p l i c a t i o n s ,  compared 
t o  t h e  GVA, and would produce u n d e s i r a b l e  moments  (assuming 
it c a n  be made t o  work) i n  i n s t a l l a t i o n s  which would r e q u i r e  
c a n t i l e v e r i n g  t h e  d e v i c e  from s t r u c t u r e .  I n  t h e  o p i n i o n  of 
t h e  a u t h o r s ,  t h e  c e n t r i f u g a l  pendulum absorber can  be made 
t o  work and would be most u s e f u l  i n  c e r t a i n  a p p l i c a t i o n s .  

The i n - p l a n e  c e n t r i f u g a l  a b s o r b e r  ( R e f e r e n c e s  9 and  
1 0 )  has  been  s u c c e s s f u l l y  a p p l i e d  i n .  h e l i c o p t e r  e x p e r i m e n t s ,  
b u t ,  a s  t h e  i n - p l a n e  t y p e  can  cause p o t e n t i a l l y  d e s t r u c t i v e  
mechan ica l  i n s t a b i l i t y  u n l e s s  ve ry  p r u d e n t l y  a p p l i e d ,  its 
u s e  is restr ic ted,  f o r  p r a c t i c a l  r e a s o n s ,  t o  h i g h l y  s p e c i a l i z e d  
a p p l i c a t i o n s  s u c h  a s  i n - p l a n e  e x c i t a t i o n s  on h e l i c o p t e r  rotor  
heads. T h i s  a b s o r b e r  h a s  not  been a p p l i e d  t o  any h e l i c o p t e r s  
i n  a c t u a l  use. 

The ou t -o f -p l ane  c e n t r i f u g a l  pendulum a b s o r b e r  was 
d i s c a r d e d  b y  t h e  s e n i o r  a u t h o r ,  i n  h i s  o r i g i n a l  s e a r c h  f o r  
a s u i t a b l e  a i r c r a f t  s t r u c t u r a l  synchronous absorber, l a r g e l y  
because  of s p a c e  r e q u i r e m e n t s ,  mounting d i f f i c u l t i e s  and  
t h e  stress and  f r i c t i o n  problems r e s u l t i n g  from s t e a d y  
c e n t r i f u g a l  l o a d i n g .  The i n - p l a n e  c e n t r i f u g a l  pendulum 
absorber w a s  d i s c a r d e d  i n  c o n s i d e r a t i o n  of t h e  dange r  of 
d e s t r u c t i v e  mechan ica l  i n s t a b i l i t y  (which is a f u n c t i o n  of 
t h e  a i r c r a f t  s t r u c t u r a l  impendance) ,  i n  a d d i t i o n  t o  t h e  
r e a s o n s  ment ioned  above f o r  the out-of -p l ane  case. 
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The Gyroscop ic  V i b r a t i o n  Absorber  

The Gyroscopic  V i b r a t i o n  Absorber ,  shown s c h e m a t i c a l l y  i n  
F i g u r e  4, is a comple t e ly  i n e r t i a l ,  c o n s e r v a t i v e  means o f  r e a c t i n g  
a s i n u s o i d a l  f o r c e .  A n a t u r a l  f r equency  i n  t h e  decoup led  GVA is 
ach ieved  th rough  a n  o s c i l l a t i n g  f l o w  of  ene rgy  between t h e  p r e -  
cessional and n u t a t i o n a l  k i n e t i c  s t a t e s  of  t h e  g y r o s c o p i c  d i s c  
which is  ana logous  t o  t h e  more common c a s e  of  t h e  e l a s t i c - i n e r t i a l  
s y s t e m  i n  which t h e  en,ergy f l o w s  between t h e  p o t e n t i a l  ene rgy  
and  k i n e t i c  ene rgy  s t a t e s .  The a n t i r e s o n a n t  f r e q u e n c y  of  t h e  GVA 
is, f o r  small  p r e c e s s i o n a l  and n u t a t i o n a l  a n g l e s ,  l i n e a r l y  p ropor -  
t i o n a l  t o  t h e  a n g u l a r  v e l o c i t y  of the g y r o s c o p i c  disc. If t h e  
d i s c  v e l o c i t y  is p r o p e r l y  s y n c h r o n i z e d  t o  t h e  f r e q u e n c y  of  a 
s i n u s o i d a l  e x c i t a t i o n ,  t h e  GVA w i l l  p roduce  a n  a n t i r e s o n a n c e  on 
t h e  s t r u c t u r e  a t  a l l  v a l u e s  of t h e  e x c i t a t i o n  f r equency ,  t h e r e b y  
producing  t h e  e f f e c t  o f  t h e o r e t i c a l l y  i n f i n i t e  bandwidth a s  re- 
gards  t h e  e x c i t a t i o n  t o  which  t h e  GVA is s y n c h r o n i z e d  ( s e e  F i g u r e  
3). 

H e l i c o p t e r s ,  compound a i r c r a f t ,  r o t a r y  wing s p a c e c r a f t  d e c e l -  
e r a t o r s ,  arid c e r t a i n  VTOL a i r c r a f t  a r e  u s u a l l y  e x c i t e d  p r i m a r i l y  
by t h e  n th  harmonic of  t h e  r o t a t i o n a l  speed of t h e  N-bladed r o t o r  
o r  p r o p e l l e r ,  Almost a l l  v e h i c l e s ,  f rom r o c k e t s  t o  r a i l r o a d  c a r s  
a re  sub jec t ed  t o  some e x c i t a t i o n  which is a harmonic o f  t h e  s p e e d  
of r o t a t i n g  machinery,  s u c h  as  wheels, pumps, a c t u a t o r s ,  etc.  
S y n c h r o n i z a t i o n  of t h e  GVA t o  s u c h  d i scre te  harmonics  is uncomp?-!-- 
c a t e d ,  i n v o l v i n g  o n l y  an open-loop means o f  d r i v i n g  t h e  g y r o s c o p i c  
d i s c  a t  a s p e e d  which is a m u l t i p l e  of  t h e  s p e e d  of t h e  d i s t u r b i n g  
machinery. 

I t  is  c o n c e i v a b l e  t h a t  t h e  GVA a n t i r e s o n a n t  f r e q u e n c y  c o u l d  
b e  synchron ized  t o  the f r e q u e n c y  of t h e  w o r s t  d i s t u r b a n c e  i n  a 
d i s t r i b u t e d  e x c i t a t i o n  spec t rum u s i n g  c i r c u i t r y  which w o u l d  p a s s  
o n l y  i n p u t  s i g n a l s  above a c e r t a i n  p r e d e t e r m i n e d  magni tude  and  
se lec t  a s y n c h r o n i z a t i o n  f r e q u e n c y  w i t h i n  t h e  bandwidth of t h e  
greatest  d i s t u r b a n c e .  B e f o r e  s u c h  a scheme would b e  of  p r a c t i c a l  
va lue ,  it is n e c e s s a r y  t o  a t t e n u a t e  t h e  r e s o n a n t  r e s p o n s e  of t h e  
GVA wi thou t  d e t e r i o r a t i o n  o f  the a n t i r e s o n a n t  e f f e c t i v e n e s s ;  a 
means for accompl i sh ing  t h i s  was found i n  t h e  course of t h i s  re- 
s e a r c h ,  and i t  is r e p o r t e d  i n  t h e  s e c t i o n  t i t l e d  " P a r a l l e l  GVA 
Mounting", However, i n  l i g h t  of t h e  s e r i o u s ,  more i m m e d i a t e l y  
P r a c t i c a l  problem of discrete harmonic d i s t u r b a n c e ,  t h e  matter of 
a b s o r p t i o n  of p u r e l y  d i s t r i b u t e d ,  o r  s o - c a l l e d  random, e x c i t a t i o n  
is of secondary  conce rn  i n  t h i s  project .  
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The " P a r a l l e l  GVA Mounting" scheme a p p e a r s  t o  be a p r a c t i c a l  
s o l u t i o n  t o  t h e  q u i t e  r e a l i s t i c  problem o f  a n  e x c i t a t i o n  e n v i r o n -  
ment c o n s i s t i n g  o f  a very  h i g h  discrete harmonic d i s t u r b a n c e  
a l o n g  w i t h  a lower magnitude, b u t  n o t  i n s i g n i f i c a n t ,  d i s t r i b u t e d  
d i s t u r b a n c e  spectrum. 

Aside from t h e  obv ious  u s e  of t h e  GVA as  a synchronous  dynamic 
a b s o r b e r ,  t h e  a b i l i t y  which i t  g i v e s  t o  remote ly  c o n t r o l  and 
change t h e  dynamic p r o p e r t i e s  of  a s t r u c t u r e  t h rough  c o n t r o l  o f  
t h e  a n g u l a r  v e l o c i t y  of a gy roscope  c o u l d  have s i g n i f i c a n t  u s e s  
i n  r e s e a r c h  and t e s t i n g .  The d e s i r a b i l i t y  o f  remote c o n t r o l  of  
t h e  dynamic p r o p e r t i e s  o f  s t r u c t u r e s  undergoing f l u t t e r  o r  b u f f e t -  
ing ,  fo r  example, was mentioned i n  1955 by Thompson and Yeates of 
NACA (Reference  3). 

The b a s i c  fea tures  of t h e  Gyroscopic  V i b r a t i o n  Absorber, 
a l o n g  w i t h  t h e  a d d i t i o n a l  p r o p e r t i e s  o f  p l a n a r  i s o t r o p y  and  si- 
multaneous s y n c h r o n i z a t i o n  t o  t w o  e x c i t a t i o n s ,  may b e  found i n  
a n  a l t e r n a t e  c o n f i g u r a t i o n  which is a n a l y t i c a l l y  d e s c r i b e d  i n  t h e  
s e c t i o n  t i t l e d  " C o r i o l i s  Absorber  Conf igu ra t ion" .  
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EQUATIONS OF MOTION 

D e s c r i p t i o n  of t h e  System 

The Gyroscopic  V i b r a t i o n  Absorber is shown s c h e m a t i c a l l y  i n  
F i g u r e  4, mounted t o  v i b r a t i n g  s t r u c t u r e ,  The a b s o r b e r  c o n s i s t s  
of three pr imary  p a r t s :  

The Gyroscopic  D i s c  which s p i n s  a t  c o n s t a n t  a n g u l a r  
v e l o c i t y ,  n, r e l a t i v e  t o  its s h a f t .  The Gyroscopic  
D i s c  would, most l i k e l y ,  c o n t a i n  t h e  f i e l d  c o i l  o f  
t h e  d r i v i n g  motor. 

The T a r e  c o n s i s t s  of  t h e  s h a f t ,  t h e  motor a rma tu re ,  
and  t h e  i n n e r  gimbal  f r a n e  or yoke. The Ta re  os- 
c i l l a t e s  t h rough  a n g l e  €3 and a n g l e  0. 
The Barrel ,  or ou te r  gimbal frame, o sc i l l a t e s  t h r o u g h  
a n g l e  8 abou t  n p i v o t  a x i s  on  t h e  s t r u c t u r e .  The p i v o t  
(e )  a x i s  is p e r p e n d i c u l a r  t o  t h e  a x i s  and does n o t  
i n t e r s e c t  t h e  c e n t e r  of g r a v i t y  of t h e  a b s o r b e r .  

Gyroscopic  V i b r a t i o n  Absorber does  n o t  r e q u i r e  e l a s t i c  
r e s t r a i n t -  o r  d i s s i p a t i v e  d e v i c e s  t o  pe r fo rm its p r imary  f u n c t i o n .  
However, s p r i n g s  and dampers a re  shown abou t  t h e  8 and a x e s  
i n  F i g u r e  4, and are  i n c l u d e d  i n  some of  t h e  a n a l y s e s  t o  accoun t  
for e la s t i c  and d i s s i p a t i v e  e f f e c t s  which canno t  be  e n t i r e l y  
e l i m i n a t e d  i n  any p r a c t i c a l  d e v i c e ,  and t o  examine t h e  e f f e c t  of 
d e l i b e r a t e l y  i n c o r p o r a t e d  p i v o t  s p r i n g s  and dampers on a b s o r b e r  
per formance .  

The s t r u c t u r e  t o  which t h e  Gyroscopic  Absorber  is mounted is 
r e p r e s e n t e d  a s  an e f f e c t i v e  mass only  i n  F i g u r e  4. Because  o n l y  
narrow a n t i r e s o n a n t  f r equency  bandwidths  are  of  i n t e r e s t  (due 
t o  t h e  v e r y  n a t u r e  of t h e  synchronous a b s o r b e r )  i n  t h e  f o l l o w i n g  
a n a l y s e s ,  t h e  s l o p e  of t h e  s t r u c t u r a l  impedance a c r o s s  t h e  band- 
w i d t h  w i l l  g e n e r a l l y  be n e a r l y  c o n s t a n t .  As a n  a r b i t r a r y  b a s i s  
f o r  compara t ive  a n a l y s i s  of v a r i o u s  c o n f i g u r a t i o n s  of g y r o s c o p i c  
a b s o r b e r s  and Frahm (spr ing-mass)  a b s o r b e r s ,  t h e  magnitude and 
s l o p e  o f  b a s i c  s t r u c t u r a l  impedance is set e q u a l  t o  t h e  magnitude 
and s l o p e  of an  a r b i t r a r y  mass, M e .  T h i s  a p p e a r s  t o  be  a less 
r e s t r i c t i v e  b a s i s  of comparison of dynamic a b s o r b e r s  t h a n  t h e  
more common assumpt ion  t h a t  the basic s t r u c t u r e  is  i n  r e s o n a n c e  
w i t h  t h e  e x c i t a t i o n  f requency .  
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FIGURE 5 . -  DIAGRAM OF THE GVA 
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D e r i v a t i o n  Of Equat ions  

I n  F i g u r e  5, c o n s i d e r  a p o i n t  mass (dm) on t h e  gy ro  rotor  and 
t r a n s f e r  t h e  c o o r d i n a t e s  t o  a f i x e d  s p a c e  ( i n e r t i a l  sys tem) .  
Cons ider  a x e s  Xd yd , and zd f i x e d  t o  t h e  gyro  rotor  w i t h  zd 
as  t h e  a x i s  o f  s p i n .  The axes  x,, v, , and zq a r e  r o t a t e d  
through a n g l e s  P , 6 , and 8 i n  t h a t  order t o  become a x e s  X, , 

y., , and 2, which a r e  p a r a l l e l  t o  t h e  f i x e d  a x e s  X, , v, , 
and z+ . 

Using p o s i t i o n  t e n s o r s :  

where : 

S I N  8 I. O 

cos # 0 

S l N  cp 0 

0 I I 
C O S  e 

' S I N  d 
a 

cos 4 

0 

0 

/ 

(3) 

(4) 

The ma themat i ca l  work w i l l  be s i m p l i f i e d  i f ,  i n s t e a d  of u s i n g  
Lagrange ' s  Equat ion  d i r e c t l y ,  u s e  is made of  d 'A lember t ' s  P r i n c i -  
p l e  i n  t h e  form employed i n  t h e  d e r i v a t i o n  of  Lagrange ' s  Equat ion,  
T h i s  a v o i d s  t h e  unnecessary a l g e b r a i c  l a b o r  of w r i t i n g  t h e  a c t u a l  
K i n e t i c  Energy Express ion ,  and t h i s  p r o c e s s  may be  r ega rded  a s  
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r igorous  employment of t h e  V i r t u a l  Work P r i n c i p l e .  R e p r e s e n t i n g  - 

t h e  v e c t o r  1:l by I C 1  , d'dlembert ' s  E q u a t i o n s  f o r  i n t e g r a t i o n  
I2*1 

of  a p a r t i c l e  mass become: 

I t  is s e e n  f r o m  t h e  d e r i v a t i o n  of Lagrange ' s  Equa t ion  t h a t  
t h e  p a r a l l e l  a x e s  t r a n s f o r m a t i o n  and t h e  e f f e c t s  o f  t h e  t a r e  and  
barrel  can be b rough t  i n t o  t h e  a n a l y s i s  by s u p e r p o s i t i o n  upon 
t h e  Eu le r - type  r o t a t i o n .  

Choosing X d  , V, , and Zd a t  t h e  c e n t e r  of g r a v i t y  o f  t h e  d i s c ,  
g i v i n g  t h e  d i s c  p o l a r  symmetry, and l e t t i n g  y, be a p r i n c i p a l  
a x i s  o f  t h e  t a r e  and barrel ,  t h e  e q u a t i o n s  may be i n t e g r a t e d  t o  
g i v e  t h e  f o l l o w i n g  e q u a t i o n s  of motion of t h e  C l a s s i c a l  Gyro- 
s c o p e  c o n f i g u r a t i o n  of t h e  GVA. 

c o e f f i c i e n t s  i n  terms of s u m s  and d i f f e r e n c e s  of p r i n c i p a l  mo- 
ments  of i n e r t i a .  The presence of p e r i o d i c  c o e f f i c i e n t s  as  
e x p e c t e d  is n o t a b l e .  

P r o d u c t s  of i n e r t i a  were e l i m i n a t e d  by r e p r e s e n t i n g  s u c h  
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SOLUTIONS TO EQUATIONS 

Smal l  A n g u l a r  Motion 

Di scuss ion .  - It may b e  s e e n  b y  i n s p e c t i o n  t h a t  Equa t ions  ( 7 ) ,  
( 8 1 ,  and (9) may b e  c l o s e l y  approximated by l i n e a r  e q u a t i o n s  for 
smal l  v a l u e s  of 0 and 0. T h i s  r e q u i r e s ,  t hen ,  t h a t  t h e  p r e c e s s i o n a l  
and  n u t a t i o n a l  a n g l e s  b e  l i m i t e d  t o  a maximum of  on t h e  order of 
15 o r  20 d e g r e e s .  The r e s u l t i n g  l i n e a r i z e d  e q u a t i o n s  i n  t h e  
f o l l o w i n g  s e c t i o n s  w i l l  describe t h e  r e s p o n s e  of t h e  s t r u c t u r e  t o  
which t h e  a b s o r b e r  is at tached,  as wel l  as t h e  c o r r e s p o n d i n g  p r e -  
c e s s i o n a l  and n u t a t i o n a l  a m p l i t u d e s  of  t h e  GVA. 

L i n e a r i z e d  Equa t ions .  - Giv ing  t h e  g y r o s c o p i c  d i sc  p o l a r  
symmetry abou t  t h e  a x i s  of ro ta t ion  ( IyQ = l v d ) ,  Equa t ions  ( 7 ) ,  
( 8 1 ,  and  (9) become, for small v a l u e s  of 0 and @ 

0 E a u a t i o n :  

dl Equa t ion :  

d Equa t ion :  

where : 
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Assuming a s t eady  s t a t e  s o l u t i o n  of t h e  form q = Qewt, 
t h e  smal l  ang le  e q u a t i o n s  a r e ,  i n  m a t r i x  form, 

- G&I* t Ke t 2.0 Ce r-Cdl,LQ 1 I ;  161 10' 

- L'WI& -m21+ +K+ +z 'wC+/  181 = '0 (13)  
-& S 0 1 i + /  . F ,  I:' - u 2 M r  

U s i n g  Cramer '6 R u l e  on t h e  cha rac t e r i s t i c  d e t e r m i n a n t ,  t h e  
d i sp lacemen t  impedance of t h e  bas ic  s t r u c t u r e  is s e e n  t o  be: 

I When t h e  numerator  i n  Equa t ion  (14)  goes t o  z e r o ,  t h e  r e s o n a n t  
c o n d i t i o n  w i t h  t h e  GVA is g i v e n  by 

With Ce = C b  = Ke = KO = 0, t h e  denominator  i n  Equa t ion  
(14)  g o e s  to zero, c a u s i n g  t h e  s t r u c t u r a l  d i s p l a c e m e n t  6 t o  be 
z e r o  when 

t h e  a n t i r e s o n a n t  f r equency .  It is e s p e c i a l l y  i m p o r t a n t  t o  n o t e  
t h a t  wq is  l i n e a r l y  p r o p o r t i o n a l  t o  il. If there is a discrete,  
b u t  v a r i a b l e  e x c i t a t i o n  frequei icy c3x to  w h i c h  f1 caii be so  syn-  
c h r o n i z e d  t h a t  

The s t r u c t u r e  w i l l  e x h i b i t  zero r e s p o n s e  r e g a r d l e s s  of t h e  v a l u e  
of w x 0  I f ,  i n  a 3-b laded  compound h e l i c o p t e r ,  f o r  example, t h e  
r a t i o  of t h e  number  of p o l e s  i n  a t a c h o m e t e r  g e n e r a t o r  t o  t h e  
number of poles i n  t h e  GVA synchronous  motor is e q u a l  t o  

, a GVA mounted on t h e  compound h e l i c o p t e r  would 3 udf 
T 
A ,  

a b s o r b  a l l  t h e  predominant  3P e x c i t a t i o u  ( a t  the a b s o r b e r  a t t a c h -  
ment p o i n t )  i n  s p i t e  of l a r g e  changes  i n  r o t o r  speed.  
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The c h a r a c t e r i s t i c  de t e rminan t  can be  used  a s  w e l l  t o  calcu- 
l a t e  t h e  ampl i tude  of  t h e  p r e c e s s i o n a l  and n u t a t i o n a l  motion w i t h  
t h e  i n t e n t  t h a t  t h e s e  are t o  be  l i m i t e d  t o  20 degrees .  For no 
damping or  s p r i n g  r e s t r a i n t ,  these a n g l e s  a r e  g i v e n  by 

Div id ing  one e q u a t i o n  by t h e  o t h e r  y i e l d s :  

and it is s e e n  t h a t  (#I > 8 . 
By s u b s t i t u t i n g  Equat ion  (15) i n t o  Equat ion  (19) ,  there is 

o b t a i n e d  

Bandwidth Comparison of GVA and Frahm Absorbers. - The s t r u c -  
t u r a l  d i sp l acemen t  impedance a t  t h e  a t t achmen t  p o i n t  (0 a x i s  i n  
F i g u r e  5) of an unsynchronized GVA, wi thou t  damping o r  s p r i n g  
r e s t r a i n t ,  and a c t i n g  on a s t r u c t u r e  of a c c e l e r a t i o n  - impedance, 
Me, f o l l o w s  from Equat ion  (14) : 

Rewr i t ing  Equat ion  (22) i n  t e r m s  of t h e  r a t i o  of s t r u c t u r a l  d i s -  
p lacement  w i t h o u t  a n  a b s o r b e r  ( 6,) and t h e  d i sp lacemen t  w i t h  a 
GVA (6) g i v e s :  



Equa t ion  (23) r e q u i r e s  some i n t e r p r e t a t i o n .  is t h e  f re-  
quency ( i n  p e r  c e n t  of &U ) a t  which t h e  s t r u c t u r e ,  w i t h  a n  
unsynchronized GVA, w i l l  have a d i sp lacemen t  which is 6 / &  t i m e s  t h e  
d isp lacement  i t  w o u l d  have w i t h o u t  a n  abso rbe r .  Obviously,  Wc/ua 
is double-valued, a s  is r e a d i l y  deduced f r o m  F i g u r e  6 ;  i t  a p p e a r s  
t o  be s ing le -va lued  i n  Equa t ion  (23), o n l y  because  t h e  p h a s i n g  
of t o  6 ,  (Oo t o  180° i n  t h e  undamped case) is i m p l i c i t ,  re- 
w r i t i n g  Equat ion (23) i n  t e r m s  of the a b s o l u t e  v a l u e s  o f  6/& 
y i e l d s  two e q u a t i o n s :  

and  

( 2 5 )  

where d G , r e p r e s e n t s  t h e  upper  f r equency  f o r  a g i v e n  v a l u e  of la/6-/ , 
a n d d G L  r e p r e s e n t s  t h e  lower f r equency  a t  which t h e  same v a l u e  of 
5/J0 w i l l  be found. See F i g u r e  6 .  

A s i m i l a r  c a l c u l a t i o n  may be made for a Prahm a b s o r b e r ,  shown 
i n  F i g u r e  7. The upper f r equency  a t  which  t h e  s t r u c t u r a l  r e s p o n s e  
w i l l  be J / & t i m e s  the r e s p o n s e  w i t h o u t  an  absorber is g i v e n  by: 

and t h e  lower l i m i t  by: 
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FIGURE 7. - F'ltAHHM AUSOKBER 

FIGURE 6.- BANDWIDTH COMPARISON OF 
GVA AND FRAHh! ABSORBERS 
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Comparison of Equa t ion  (24) t o  Equa t ion  (26) and Equa t ion  
(25) t o  Equat ion (27) shows t h a t  t h e  bandwidth of t h e  unsynchronized  
GVA is narrower t h a n  t h a t  o f  t h e  Frahm. I t  s h o u l d  a l so  be n o t e d  
t h a t  t h e  GVA canno t  be  r educed  t o  t h e  Frahm: Equa t ion  (24) can  
be made equal t o  Equa t ion  (26), f o r  example, o n l y  when A , / P ~  = 1.0, 
a v a l u e  which is q u i c k l y  approached  a s  t h e  arm l e n g t h  A, is i n -  
creased. 

While t h e  baildwidth of  t h e  GVA is nar rower  t h a n  t h a t  of  t h e  
Frahm, i t  is n o t  n e c e s s a r i l y  v e r y  much narrower.  I n  any case, 
t h e  s y n c h r o n i z a t i o n  f ea tu re  of t h e  GVA makes bandwidth a secondary  
c o n s i d e r a t i o n ,  i .e .  i t  need be o n l y  wide enough to c o v e r  s y n c h r o n i -  
z a t  i o n  error. 

Damping. - While t h e  e f fec t  of damping on t h e  0 a x i s  of t h e  
GVA might  be e x p e c t e d  t o  have e f f e c t s  s i m i l a r  t o  damping i n  t h e  
Frahm abso rbe r ,  t h e  e x a c t  e f f e c t  of p r e c e s s i o n a l  (Q) damping i n  
t h e  GVA was n o t  i n t u i t i v e l y  obvious .  The f o l l o w i n g  a n a l y s i s  shows 
t h a t  @ damping is t h e  same i n  k ind ,  al.though not i n  magnitude,  a s  
0 damping and damping about  e i ther  t h e  0 or 6 axes produces 
e f f e c t s  s i m i l a r  t o  damping i n  the Frahm absorber. 

From Equat ion  (14), t h e  f o l l o w i n g  e x p r e s s i o n  may be o b t a i n e d  
f o r  a s t ruc tu re  ( r e p r e s e n t e d  by mass Me) equipped  w i t h  a GVA 
having  damping on t h e  0 axis on ly ,  and  hav ing  no p i v o t a l  e l a s t i c  
r e s t r a i n t :  

I 6  i 2  

S i m i l a r l y ,  t h e  r e s p o n s e  e q u a t i o n  f o r  a n  u n r e s t r a i n e d  GVA 
w i t h  damping on t h e  0 a x i s  d e f i n e d  as  t h e  p r e c e s s i o n a l  a x i s  is: 

The e x p r e s s i o n s  are  s e e n  t o  be i d e n t i c a l  e x c e p t  f o r  t h e  second  
t e r m  i n  t h e  denominator .  I t  c a n  be s e e n  a s  w e l l  t h a t  t h e  minimum 
r e s p o n s e  w i l l  s h i f t  away P r o m  t h e  " a n t i r e s o n a n t "  f r equency  a s  
damping i n c r e a s e s ,  b u t  is st i l l  p r o p o r t i o n a l  t o  g y r o  speed .  
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F i g u r e s  8 th rough  10 f u r t h e r  demons t r a t e  t h e  s i m i l a r i t y  of 
r e s p o n s e  for t h e  Frahm, 8 damped GVA, and 0 damped GVA. A mass 
r a t i o  of 10 was chosen  t o  make t h e  baridwidth d i s t i n c t i v e , ,  A s  
mass r a t i o  i n c r e a s e s ,  t h e  baiidwidth narrows. The d i s t a n c e  between 
g y r o  d i s c  cen ter  and a t t a c h m e n t  p o i n t  was chosen  t o  be f o u r  times 
t h e  d i sc  r a d i u s  a s  t y p i c a l .  I t  can b e  s e e n  t h a t  bandwidths  a r e  
q u i t e  s i m i l a r ,  and t h e  e f f e c t  of damping on a l l  t h r e e  d e v i c e s  is 
s i m i l a r .  I t  is a l s o  a p p a r e n t  t h a t  a l though  t h e  damping reduces 
t h e  r e s p o n s e  a t  r e sonance ,  more i n p o r t a n t l y  i t  i n c r e a s e s  t h e  am- 
p l i t u d e  of m i i i i m u m  r e s p o n s e ,  The re fo re ,  i t  is concluded  t h a t  t h e  
GVA s h o u l d  be n e a r l y  undamped i n  p r e c e s s i o n  and n u t a t i o n  f o r  best  
performance.  

E l a s t i c  R e s t r a i n t .  - For an  undam2ed GVA w i t h  e l a s t i c  r e s t r a i n t  
a b o u t  t h e  n u t a t i o n a l ,  0, a x i s ,  t h e  a n t i r e s o n a n t  f r equency  is s i m p l y  
d e r i v e d  from t h e  Genera l  Equat ion  a s :  

where  

and s i m i l a r l . ~ ,  for precess iona l  r e s t r a i n t  : 

where 

2 
w:= u’++ 

Thus, for e i the r  n u t a t i o n a l  or p r e c e s s i o n a l  r e s t r a i n t ,  t h e  a n t i -  
r e s o n a n t  f r e q u e n c y  may be e x p r e s s e d  a s  a f u n c t i o n  of g y r o  speed. 

With e l a s t i c  r e s t r a i n t  a b o u t  both 0 and  0 a x e s  (undamped), t h e  
e x p r e s s i o n  for t h e  a n t i r e s o n a n t  f requency  becomes: 
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I n  p l o t t i n g  fA a s  a f u n c t i o n  o f  gyro speed  (a) f o r  v a r i o u s  v a l u e s  

of We , wp , and  TI^, as i n  F igu re  11, a f a m i l y  o f  c u r v e s  are  
o b t a i n e d  which are  a s y m p t o t i c  t o  t h e  s l o p e .  

I* 

and if UG= &+ , t h e  f a m i l y  OP curves  w i l l  a l s o  be  symmet r i ca l  
abou t  w.4 = we= w o .  Thus, there e x i s t s  t w o  a n t i r e s o n a n t  f requen-  
c ies  a t  a g i v e n  g y r o  speed .  The p r a c t i c a l i t y  of  e l i m i n a t i n g  v i -  
b r a t i o n  a t  bo th  f r e q u e n c i e s  may prove d i f f i c u l t  i n  t h a t  t h e  
d i v e r g e n t  s lope c h a r a c t e r i s t i c s  of t h e  a n t i r e s o n a n t  c u r v e s  suggest 
' ' tuningt1 problems for minor e x c i t a t i o n  v a r i a n c e s .  

S t r u c t u r a l  F l e x i b i l i t y .  - Excess ive  f l e x i b i l i t y  i n  those  p a r t s  
of t h e  GVA s t r u c t u r e  des igned  t o  be r i g i d  w i l l  cause t h e  synchron i -  
z a t i o n  c u r v e  ( s e e  F i g u r e  12)  t o  be n o n l i n e a r .  T h i s  phenomenon is 
e s s e n t i a l l y  a v a r i a t i o n  i n  n u t a t i o n a l  reso i iance  s i m i l a r  t o  t h e  
case d i s c u s s e d  i n  Reference  4. This  e f f e c t  h a s  been demonst ra ted  
e x p e r i m e n t a l l y  i n  t h e  GVA and s h o u l d  n o t  be d i f f i c u l t  t o  a v o i d  
by i n s u r i n g ,  i n  t h e  d e s i g n  of t h e  GVA, t h a t  t h e  f i r s t  bending  
n a t u r a l  f r equency  of t h e  " r i g i d "  GVA s t r u c t u r e  is v e r y  h igh  com- 
p a r e d  t o  t h e  h i g h e s t  f requency  of  e x c i t a t i o n .  

Represen t ing  s t r u c t u r a l  f l e x i b i l i t y  i n  t h e  GVA by t h e  s p r i n g  
h i n g e  i n  t h e  b a r r e l  i n  F i g u r e  13, t h e  e q u a t i o n  f o r  b = 0 becomes: 

Eqya t ion  (34) is a q u a d r a t i c  i n  w ' a f t e r  d i v i d i n g  o u t  t h e  roo t  
W = 0. If K d  = - , t h e  roots  are:  
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which is t h e  case w i t h  r i g i d  s t r u c t u r e .  When Q = 00 , t h e  
roots are: 

where Wa,is t h e  a n t i r e s o n a n t  f r equency  asymptote .  When Q = 0, 
t h e  roots a r e :  

(S7) 

Noting,  i n  Equa t ion  (371, t h a t  l e > & ,  i t  is e v i d e n t  t h a t  t h e  
f i r s t  bending n a t u r a l  f r equency  w i l l  be g r e a t e r  t h a n  t h e  a s y m p t o t i c  
a n t i r e s o n a n t  f requency .  However, t h e  bending n a t u r a l  f r equency  
s h o u l d  be c l o s e  t o  t h e  a s y m p t o t i c  a n t i r e s o n a n c e  ( Ie = T e d )  f o r  
most GVA des igns ,  a l l o w i n g  u s e  o f  t h e  n a t u r a l  f r equency  as an 
approximat ion  of wau. I f  cdOu is v e r y  h igh ,  t h e  s y n c h r o n i z a t i o n  
is e s s e n t i a l l y  l i n e a r  i n  t h e  lower f r equency  r ange .  

S t a b i l i t y .  - The dynamic s t a b i l i t y  of t h e  GVA was i n v e s t i g a t e d  
f o r  t h e  l i n e a r i z e d  e q u a t i o n s  o f  motion. The p e r t i n e n t  e q u a t i o n  
is  t h a t  formed by t h e  m a t r i x  on Page 15 and is a q u a r t i c  of t h e  
form: 

S' + A J S '  + A , S 2  + A ,  S' t A,  = 0 

For  s t a b i l i t y ,  t h e  Routh c r i t e r i a  set f o r t h ,  f o r  i n s t a n c e ,  i n  
Reference  1, r e q u i r e s  t h a t  a l l  c o e f f i c i e n t s  ( A o , A , , A , , A , )  b e  
p o s i t i v e ,  and 



The above c o e f f i c  
p a r a m e t e r s  o f  t h e  GVA 
one;  t h e r e f o r e ,  t h e  f 

i e n t s  a r e  always p o s i t i v e ,  s i n c e  p h y s i c a l  
, d i c t a t e  t h a t  s2/mr le is a lways  less t h a n  
irst c r i t e r i o n  f o r  s t a b i l i t y  is s a t i s f i e d .  

S i n c e  s t a b i l i t y  of  t h e  GVA, as a f u n c t i o n  of g y r o  speed ,  is 
o f  major i n t e r e s t ,  Equa t ion  (39) was r e - a r r a n g e d  t o  d e t e r m i n e  i ts  
s t a b i l i t y  a s  a f u n c t i o n  of  gy ro  speed  o r :  

S u b s t i t u t i n g  i n  t h e  above e x p r e s s i o n  ,$= 0 g i v e s  t h e  f o l l o w i n g  
r e s u l t s :  

3 w, L 0 

also,  s u b s t i t u t i n g  i n  U i = o  ( e f f e c t i v e  s t r u c t u r a l  r e s t r a i n t s )  i n  
Equa t ion  (40) g i v e s :  

S u b s t i t u t i n g  i n  se = 0 and c.12 = 0 g i v e s  s i m i l a r  r e s u l t s .  

I t  is s e e n  from these r e s u l t s  w i t h  z e r o  damping or e l a s t i c  
r e s t r a i n t s ,  t h a t  t h e  GVA is s t a b l e  o v e r  t h e  comple te  RPM r a n g e  o f  
t h e  gyro. 
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Large  Angular Motion 

Discuss ion .  - N o n l i n e a r  e q u a t i o n s  of t h e  GVA t y p e ,  th ree  
s imul t aneous  u n l i n e a r i z e d  e q u a t i o n s  of motion hav ing  per iodic  
c o e f f i c i e n t s ,  g e n e r a l l y  canno t  be  s o l v e d  e x a c t l y ,  T h i s  t y p e  is 
u s u a l l y  l i n e a r i z e d ,  o r  approximate  s o l u t i o n s  a r e  o b t a i n e d  by 

' p e r t u r b a t i o n  t echn ique ,  ana log ,  etc. However, t h e  GVA e q u a t i o n s  
have been s o l v e d  e x a c t l y  f o r  s t e a d y  s t a t e  per iodic  mot ion  of t h e  
s y s t e m .  The s o l u t i o n  is  i n  t h e  form of t r a n s c e n d e n t a l  e q u a t i o n s  
d e s c r i b i n g  t h e  r e s p o n s e  r e l a t i o n  o f  a n g u l a r  a m p l i t u d e s  and 
f o r c i n g  f u n c t i o n  a m p l i t u d e  and Prequency, 

A s  supplementary  approaches  t o  t h e  s o l u t i o n  of t h e  GVA equa- 
t i o n s ,  a numer ica l  s o l u t i o n ,  Runge-Kutta, was used  t o  bear o u t  a 
s i g n i f i c a n t  s t a b i l i t y  c r i t e r i o n ,  

d e r i v e d  i n  t h e  a n a l y t i c  s o l u t i o n ,  

Ana lys i s  - Amplitude o f  0. - R e c a l l i n g  t h a t  t h e  GVA e q u a t i o n s  
o f  mot ion  can be  w r i t t e n  w i t h o u t  t h e  s m a l l  a n g l e  r e s t r i c t i o n ,  and 
damping or  s p r i n g  terms: 

= F -  
(45) 

Mult iPlYing (43) by 0, (44) by 6, and s u b s t i t u t i n g  (45) ,  t h e r e  
is o b t a i n e d :  
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I f  t h e  system is p e r i o d i c  to t h e  ex tent  t h a t  8 arid (I re turn  to 
i n i t i a l  v a l u e s  a f t e r  t i m e ,  t ,  

I n t e g r a t i n g  (45) d i r e c t l y  y i e l d s :  

and again ,  

M,& -+ s w e = - f o  SIY w t 1- K, t + K~ (50) 2 

For p e r i o d i c  motion on 6, , K,=o, and t h e  e x a c t  s o l u t i o n  may be  
w r i t t e n  : 

or without  loss of g e n e r a l i t y :  



For p e r i o d i c  mot ion of t h e  main mass, t h e  d i sp lacement  may b e  
r e p r e s e n t e d  by a F o u r i e r  series as :  

s u b s t i t u t i n g  into (52)  y i e l d s :  

b N  L U t  - -  MT ( o n  C O S  n w t  + b n  S I N  n u t )  (55) S 
S I N  e=-- 5 d' 

Rewri t ing  (43) ( u s i n g  53)  y i e l d s :  

and by (54) 

L 

I n t e g r a t i o n  of (57 )  y i e l d s :  

For p e r i o d i c  motion,  t h e  l e f t  s i d e  v a n i s h e s  a t  m u l t i p l e s  of t h e  
p e r i o d ,  hence:  
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. 
The second i n t e g r a l  v a n i s h e s  n a t u r a l l y  f o r  a l l  v a l u e s  of n, 

w h i l e  t h e  first v a n i s h e s  for a l l  n e x c e p t  n = 1. Hence, a 1  m u s t  
v a n i s h  as  a n e c e s s a r y  c o n d i t i o n  of p e r i o d i c i t y .  A l l  r ema in ing  
c o e f f i c i e n t s  a l s o  v a n i s h  e x c e p t  f o r  b i ,  and t h e  comple te  s o l u t i o n  
f o r  (45) is: 

where 

w i t h  t h e  necessary c o n d i t i o n :  

A n a l y s i s  - Amplitude of @. - Rewri t ing  Equa t ion  (43): 

and i n t e g r a t i n g  u s i i i g  (60) and (61) y i e l d s :  
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where:  

I h t e g r a t i o n  of Equa t ion  (44) y i e l d s :  

The complete  s o l u t i o n  for t h e  undamped, u n r e s t r a i n e d  GVA 
e q u a t i o n s  of motion is g i v e n  by Equa t ions  (60) ,  (61) ,  (65) ,  (66),  
and  ( 6 7 ) ,  with  t h e  s t a b i l i t y  c r i t e r i o n  g i v e n  by Equa t ion  (63). 

E l a s t i c  R e s t r a i n t  and Damping. - When t h e  e f f e c t s  of s p r i n g s  
and damping are  added t o  b o t h  t h e  8 and f#l a x e s  of t h e  GVA, t h e n  
t h e  s o l u t i o n s  t o  t h e  GVA exac t  e q u a t i o n s  of n o t i o n  a r e :  
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where c and b a r e  d e f i n e d  by: 

and is aa approximat ion for the s p r i n g  co i l s tant  on t h e  0 a x i s ,  
and where : 

J O  

' r -  

c = 0) (78)  
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Considerable simplification results when Ce = C@ = 0, ioeo, 

where : 
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EXPERIMENTAL INVESTIGATION 

Discuss ion  

T e s t s  o f  expe r imen ta l  working models o f  t h e  Gyroscopic  Vibra-  
t i o n  Absorber (GVA) have demonst ra ted  f e a s i b i l i t y  and c o r r o b o r a t e d  
a n a l y s i s  o f  t h e  d i s c r e t e  f r equency  a b s o r b e r  a s  r e p o r t e d  i n  Ref- 
e r e n c e  5. A n a l y t i c a l  i n v e s t i g a t i o n  of  t h e  e f f e c t  of f l e x i b i l i t y  
i n  t h e  GVA s t r u c t u r e  was confirmed e x p e r i m e n t a l l y .  

The test  program d e s c r i b e d  h e r e i n  was des igned  t o  p r o v i d e  
e x p e r i m e n t a l  proof  o f  t h e  two fundamental  GVA p r i n c i p l e s ,  p re -  
d i c t e d  by t h e o r y ,  which are  necessa ry  and s u f f i c i e n t  t o  t h e  
e s t a b l i s h m e n t  o f  f e a s i b i l i t y  of t h e  GVA: 

( a )  A p u r e l y  i n e r t i a l  gy roscop ic  sys tem w i l l  p roduce  
an a n t i r e s o n a n c e  o f  t h e  mass t o  which it is 
a t t a c h e d  (1.e.  t h a t  s u c h  a sys t em has a n a t u r a l  
f r equency  when decoupled)  

(b )  The a n t i r e s o n a n t  f requency  is p r o p o r t i o n a l  t o  
t h e  a n g u l a r  speed  OP t h e  gyro.  

To a c h i e v e  these o b j e c t i v e s ,  two e x p e r i m e n t a l  working models 
of t h e  GVA were c o n s t r u c t e d  and tested on an  ME3 50-pound shake r .  

Exper imenta l  Model I 

A p r e l i m i n a r y  GVA test model (F igu re  14 )  was c o n s t r u c t e d  
u s i n g  a s c r a p  b a l l  b e a r i n g  d r i v e n  by a i r  je ts ,  d i r e c t e d  a g a i n s t  
t h e  b a l l s ,  and s u p p l i e d  b y  hanger  pneumatic l i n e s  t h rough  a regu-  
l a t o r .  The b e a r i n g  was f r e e  t o  p r e c e s s  about a d i a m e t r a l  a x i s  
of t h e  d i s c  and t o  n u t a t e  about a n  a x i s  roughly  p a r a l l e l  t o  t h e  
g y r o  d i s c  p l a n e  and d i s p l a c e d  9 1/2 i n c h e s  from t h e  d i s c  c e n t e r ,  
a s  shown i n  F i g u r e  15. 

The model was a t t a c h e d  t o  an MB C-11 shake r .  A v e l o c i t y  
t r a n s d u c e r  was clamped t o  t h e  shaker armature and its o u t p u t  f e d  
t o  an MB v i b r a t i o n  meter. 

The s p e e d  of t h e  b e a r i n g  was found t o  be v e r y  s e n s i t i v e  t o  
t h e  f r i c t i o n  load, r e s u l t i n g  from a x i a l  l o a d i n g  o f  t h e  b a l l s  by 
t h e  g y r o s c o p i c  moment. While t h i s  t u r b i n e  arrangement  was c a p a b l e  
o f  p roduc ing  enormous b e a r i n g  angu la r  v e l o c i t i e s ,  i t  p r o v i d e d  ve ry  
l i t t l e  torque a t  h i g h  speed.  A s  a consequence o f  t h e  l o w  t o r q u e  
and a p p a r e n t l y  n e g a t i v e  torque-speed curve ,  i t  was i m p o s s i b l e  t o  
a c h i e v e  a s t e a d y  s t a t e  a n t i r e s o n a n t  c o n d i t i o n .  
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FIGUIlE 15. -  DIAGIlAM OF A GVA TEST MODEI, 
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The t r a n s i e n t  a n t i r e s o n a n t  c o n d i t i o n ,  w i t h  t h e  g y r o  s p e e d  
dropping ,  showed ve ry  pronounced a t t e n u a t i o n ,  and t h e  e f f e c t  was 
r e p e a t a b l e ,  With t h e  s h a k e r  o p e r a t i n g ,  t h e  g y r o  d i s c  was manu- 
a l l y  p o s i t i o n e d  i n  a p l a n e  normal t o  t h e  n u t a t i o n a l  a x i s  which 
unloaded the  r o t o r  and a l lowed  t h e  gy ro  t o  a c c e l e r a t e .  When t h e  
g y r o  ( b e a r i n g )  r eached  h i g h  speed ,  t h e  g y r o  was t u r n e d  manual ly  
about  t h e  0 a x i s  ( F i g u r e  15) u n t i l  i t  was i n  t h e  p l a n e  of t h e  8 
a x i s  and t h e n  r e l e a s e d .  The g y r o s c o p i c  moments b u i l d i n g  up on  
t h e  b e a r i n g  caused  t h e  speed  t o  d e c r e a s e ,  and i t  would p a s s  
th rough  t h e  a n t i r e s o n a n t  g y r o  speed.  A t  t h a t  speed ,  t h e  a r m a t u r e  
pick-up o u t p u t  dropped by a n  o r d e r  of magnitude,  and t h e  model 
e x e c u t e d  t h e  modes p r e d i c t e d  i n  Refe rence  6. 

Th i s  t e s t  p rov ided  q u a l i t a t i v e  c o n f i r m a t i o n  of  GVA t h e o r y ,  
as  d i s c u s s e d  i n  Reference 6, 

Expe r imen ta l  Model I1 

D e s c r i p t i o n .  - An e x p e r i m e n t a l  model of t h e  Gyroscopic  Vibra-  
t i o n  Absorber ( F i g u r e  16 )  was c o n s t r u c t e d  by s u i t a b l y  mounting a 
s t a n d a r d  Minneapolis-Honeywell  JG-7005 r a t e  gyro  so  t h a t  t h e  
a s sembly  h a s  t h e  t y p e  of  GVA mechanica l  a c t i o n  d e s c r i b e d  i n  Ref- 
ereiice 6. 

The ra te  gyro  was l e f t  e n t i r e l y  i n t a c t  and m o u n t e d  i n  t h e  
a s - s u p p l i e d  c o n d i t i o n  (comple te  w i t h  r u b b e r  mounting pads  bonded 
t o  g y r o  base )  t o  t h e  v e r t i c a l  face o f  a n  aluminum a n g l e .  Two 
r o d  end b e a r i n g s  w i t h  f ema le  t h reads  were a t t a c h e d  t o  t h e  h o r i -  
z o n t a l  f a c e  of t h e  a n g l e  by screws. While t h i s  a r rangement  h a s  
c i r c u i t o u s  load p a t h s  and a l l o w s  m u c h  g r e a t e r  f l e x u r e  t h a n  normal 
d e s i g n  a r rangements ,  it seemed s u f f i c i e n t l y  r e p r e s e n t a t i v e  of a 
GVA d e s i g n  for  d e m o n s t r a t i o n  and e x p e r i m e n t a t i o n  pu rposes .  An 
a l t e r n a t i v e  d e s i g n  t h a t  is con templa t ed  for  t h e  f u t u r e  is shown 
i n  F i g u r e  17. 

The r a t e  gy ro  is equ ipped  w i t h  removable  s p r i n g  r e s t r a i n t  
abou t  t h e  0 a x i s  ( F i g u r e  16) .  The s p r i n g  r a t e  about a x i s  @ was 
found t o  be 3 ,59  inch-pounds / rad ian  by f o r c e - d e f l e c t i o n  measure-  
ments .  T h e  s t a t i c  n a t u r a l  f r e q u e n c y  o f  t h e  g y r o  a b o u t  t h e  p r e -  
c e s s i o n a l  (9) a x i s  was measured a s  8.0 c.P.s., by p l u c k i n g  t h e  
g y r o  and r e c o r d i n g  t h e  r u d d e r - c o n t r o l  c i r c u i t  breaker b l i p s  ( w i t h  
a D . C .  s i g n a l )  on  a n  o s c i l l o g r a p h .  With known s t a t i c  n a t u r a l  
f requency  and r o t a t i o n a l  s p r i n g  ra te ,  t h e  i n e r t i a  i n  p r e c e s s i o n  
(@) was c a l c u l a t e d  a t  , 549 pound- inches  s q u a r e d ,  

The manufac tu re r  lists t h e  momentum (5, n ) of  t h e  r a t e  g y r o  
as  3 , O  x lo6 gm-cm2/second (1.023 x I O 3  pound-inch2/second)  a t  
24,000 Whl which g i v e s  I = , 4075  pound- inches  2 . 
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F I G U R E  16.- SCHEhUTIC OF THE GVA 
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FI(;UItE 17. - A N  A I ~ T E R N A T E  GVA CONFIGURATION 



To o b t a i n  t h e  n u t a t i o n a l  i n e r t i a  ( le ), t h e  p e n d u l a r  p e r i o d  
of t h e  GVA model was c locked  and found t o  b e  0.625 seconds .  The 
l o c a t i o n  of t h e  cen ter  of g r a v i t y  was found by a c c u r a t e l y  weighing 
t h e  model and by u s i n g  a sca le  a s  one r e a c t i o n  i n  a simple-beam 
s u p p o r t  o f  t h e  model. T r e a t i n g  t h e  GVA as a compound pendulum 
o s c i l l a t i n g  abou t  t h e  8 a x i s ,  t h e  n u t a t i o n a l  i n e r t i a  was o b t a i n e d :  

I, = = 37.7 2 po  u n d - i n c h e s  

Summary of t h e  P h y s i c a l  Pa rame te r s  of  t h e  
GVA Exper imen ta l  Model 11: 

2 c"'$ = 8.0 C.P.S. I z  = , 4075  l b s - i n  
2 - 3.59 in- lbs/r 'ad I@ = 37.7 l b s - i n  

4 = 3.58 i n c h e s  

K @  - 

I *  
2 .549 l b s - i n  - - 

w ;= 2.75 pounds 

I n s t r u m e n t a t i o n .  - The GVA model was mounted t o  an  MB Type 
C - 1 1  E l e c t r o m a g n e t i c  Shaker  a s  shown i n  F i g u r e  18. A n  MB v e l o c i t y  
p i c k u p  was clamped t o  a f l a n g e  0x1 t h e  s h a k e r  a r m a t u r e  and t h e  
p i ckup  o u t p u t  f e d  t o  an MB v i b r a t i o n  meter. 

An e l e c t r o n i c  c o u n t e r  was hooked i n  p a r a l l e l  w i t h  t h e  r a t e  
g y r o  synchroi ious motor t e r m i n a l s  s o  t h a t  t h e  c o u n t e r  read l i n e  
f r e q u e n c y  (400 c.P.s.) w i t h  t h e  power o n  and g y r o  speed  (gen- 
e r a t e d  e m f  p u l s e  coun t )  w i t h  motor power o f f .  The d e c e l e r a t i o n  
r a t e  is so l o w ,  260 seconds t o  go from 420 RPS t o  60 RPS ( s e e  
F i g u r e  19 ) ,  t h a t  s u f f i c i e n t  s p e e d  r e s o l u t i o n  c o u l d  b e  o b t a i n e d  
a t  t h e  a n t i r e s o n a n c e  d u r i n g  gyro  "run-down" u s i n g  t h e  e l e c t r o n i c  
c o u n t e r ;  t h i s  scheme e l i m i n a t e d  t h e  need f o r  i n v e r t e r s  and a s so -  
c i a t e d  equipment .  

Gyro speed ,  as  measured by t h e  e l e c t r o n i c  c o u n t e r ,  was c r o s s -  
checked  a g a i n s t  s t r o b o s c o p e  measurement of speed ,  The s t r o b o -  
s c o p e  was c a l i b r a t e d  a g a i n s t  r e e d  v i b r a t i o n  a t  l i n e  f r equency .  
The s t r o b o s c o p e  r a n g e  d i d  n o t  ex tend  t o  400 RPS, so i t  was used 
t o  measure t h e  second,  t h i r d ,  f o u r t h ,  and f i f t h  subharmonics  of 
g y r o  speed .  
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F i g u r e  18. Second GVA T e s t  Model 
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I n c r e a s e d  r e s o l u t i o n  of t h e  s h a k e r  a r m a t u r e  ammeter was ob- 
t a i n e d  by c o n n e c t i n g  a B a l l a n t i n e  peak-to-peak VTVM t o  t h e  
o s c i l l o s c o p e  t e r m i n a l s  of t h e  MB c o n t r o l  c o n s o l e .  I t  was found 
t h a t  t h e r e  is  a 1O:l r e l a t i o n s h i p  between t h e  v o l t a g e  a c r o s s  t h e  
CRO t e r m i n a l s  and t h e  a r m a t u r e  c u r r e n t  t h roughou t  t h e  range o f  
e x c i t a t i o n  f r equency  used i n  t h e  tes ts .  

Di scuss ion  - Model 1 1 .  - With t h e  gyroscope  motor n o t  t u r n i n g  
and w i t h  a c o n s t a n t  .22 amps on the s h a k e r  armature, t h e  a r m a t u r e  
v i b r a t o r y  v e l o c i t y  was measured a t  s t e a d y - s t a t e  e x c i t a t i o n  f r e -  
q u e n c i e s  r ang ing  from 10 C.P.S. t o  100 c.P.s.,  y i e l d i n g  t h e  upper  
c u r v e  shown i n  F i g u r e  20. Under t h e  same c o n d i t i o n s ,  e x c e p t  t h a t  
t h e  g y r o  was t u r n i n g  a t  380 r e v o l u t i o n s / s e c o n d ,  t h e  a n t i r e s o n a n t  
c u r v e  was o b t a i n e d .  Note t h a t  98.3 p e r  cent of t h e  v i b r a t i o n  
was e l i m i n a t e d  a t  t h e  a n t i r e s o n a n c e .  The v e r y  b road  bandwidth 
i n  t h i s  c a s e  is  a r e s u l t  of t h e  h i g h  a b s o r b e r  mass t o  armature 
mass r a t i o ,  and is  n o t  r e l e v a n t  t o  t h e  GVA concep t  a s  such .  The 
bandwidth of a n  undamped l i n e a r  GVA, o p e r a t i n g  th rough  smal l  
a n g l e s ,  shou ld  be s l i g h t l y  smal ler  t h a n  t h e  bandwidth of a Frahm 
a b s o r b e r  of t h e  same a b s o r b e r  mass 10 main  mass r a t i o .  

The peak v e l o c i t y  i n  r e sonance  was n o t  measured i n  g a t h e r i n g  
t h e  d a t a  shown i n  F i g u r e  20 ,  To a v o i d  damage t o  t h e  de l i ca t e  i n -  
s t r u m e n t  b e a r i n g s  i n  t h e  r a t e  gyro ,  t h e  r e s o n a n t  f r equency  was 
p a s s e d  through q u i c k l y .  

I t  w a s  found t h a t  o p e r a t i o n  a t  .50 amperes on t h e  s h a k e r  
caused  such e x c e s s i v e  d e f l e c t i o n  i n  t h e  g y r o  g imbal  s t r u c t u r e  
t h a t  t h e  upper  gyro b e a r i n g  on t h e  p r e c e s s i o n a l  (4) a x i s  would 
jump its s o c k e t  and jam a f t e r  a b o u t  t h r e e  minu tes  r u n n i n g  t i m e .  
Ra the r  t han  m u t i l a t i n g  t h e  r a t e  g y r o  by s t r u c t u r a l  s t i f f e n i n g  of 
t h e  c a s t i n g  t o  correct t h i s  problem, t h e  s h a k e r  a rmature  amperage 
was reduced  t o  .22 amps. T h i s  n e c e s s i t a t e d  u s e  of a VTVM on t h e  
c o n s o l e  o s c i l l o s c o p e  o u t p u t  t o  i n c r e a s e  e f f e c t i v e  ammeter r e s o l u -  
t i o n .  No f u r t h e r  b e a r i n g  d i f f i c u l t i e s  were e n c o u n t e r e d  w i t h  t h e  
r educed  amperage. 

To de termine  t h e  v a r i a t i o n  i n  a n t i r e s o n a n t  f r e q u e n c y  w i t h  
g y r o  speed,  t h e  e x c i t a t i o n  f r e q u e n c y  was set lower t h a n  t h e  a n t i -  
r e s o n a n t  f r equency  w i t h  t o p  g y r o  s p e e d  ( 420 r e v o l u t i o n s / s e c o n d ) .  
The g y r o  motor was t h e n  t u r n e d  o f f  and t h e  g y r o  a l lowed  t o  de- 
ce le ra te  w h i l e  i t s  s p e e d  was m o n i t o r e d  on t h e  E l e c t r o n i c  Counter ,  
As t h e  gyro r e a c h e d  a s p e e d  which made t h e  e x c i t a t i o n  f r e q u e n c y  
a n  a n t i r e s o n a n t  f r equency ,  t h e  v i b r a t i o n  meter would r e g i s t e r  a 
n u l l .  The E lec t ronic  Counter  r e a d i n g  of g y r o  s p e e d  a t  t h e  n u l l  
was recorded .  F i g u r e  2 1  shows a p l o t  of a n t i r e s o n a n t  f r e q u e n c y  
v e r s u s  gyro speed  from tes t ,  and a p l o t  of t h e  v a l u e s  p r e d i c t e d  
from Equat ion (31) .  The test p o i n t s  b e g i n  t o  d i f f e r  s i g n i f i c a n t l y  
from theory  a t  abou t  15 c , p , s ,  
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The 0 s p r i n g s  were removed from t h e  g y r o  and t h e  p o i n t s  
(shown a s  0 )  i n  F i g u r e  22 were ob ta ined .  A t  W =- 14  c o p e s . ,  
these t e s t  p o i n t s  d i f f e r  s i g n i f i c a n t l y  f rom t h e  p r e d i c t i o n  o f  
Equa t ion  (15). I t  was s u s p e c t e d  t h a t  t h e  d i s c r e p a n c y  between 
t h e o r y  and t es t  was a consequence of e x c e s s i v e  s t r u c t u r a l  f l e x i -  
b i l i t y ,  i n h e r e n t  i n  t h e  model, from t h e  r u b b e r  mounts on t h e  g y r o  
base ,  t h i n  g imbal  s t r u c t u r e ,  e t c ,  Ai1 a n a l y s i s  was per formed on 
tmhe s y s t e m ,  shown i n  F i g u r e  13, t o  d e t e r m i n e  t h e o r e t i c a l l y  
e f f e c t  of s t r u c t u r a l  f l e x i b i l i t y .  As shown b y  Equa t ion  (36), 
f l e x i b i l i t y  of t h e  t y p e  d e s c r i b e d  i n  F i g u r e  13 would cause 

a n t i r e s o n a n t  f r equency  t o  a s y m p t o t i c a l l y  approach  E. 
t h e  g y r o  s p e e d  R approaches  i n f i n i t y .  A t  Q = 0, there a re  

t h e  

a s  

t w o  

a n t i r e s o n a n t  f r e q u e n c i e s  (Equa t ion  37): iw= 0 and d 3  

Although F i g u r e  13 d e s c r i b e s  a n  arrangement  which can  h a r d l y  b e  
r e g a r d e d  a s  a p r e c i s e  r e p r e s e n t a t i o n  of t h e  a c t u a l  model f l e x i -  
b i l i t i e s ,  and a l t h o u g h  1,. is n o t  p r e c i s e l y  known f o r  t h e  complex 
model s t r u c t u r e ,  i t  was f e l t  t h a t  t h e  r e s u l t i n g  Equa t ion  (36) 
s h o u l d  be s u f f i c i e n t  t o  approximate ly  p r e d i c t  model performance.  

I t  was r e a s o n a b l e  t o  a s s u m e  t h a t  A*-.- z Ie and t h a t  

28  C.P.S. < d a y  d 50 C.P.S. for t h e  upper  ( 0 )  e x p e r i m e n t a l  
p o i n t s  i n  F i g u r e  22. Equa t ion  (37) t h e n  p r e d i c t e d  t h a t  a n  a n t i -  
r e s o n a n t  f r e q u e n c y  on t h e  s h a k e r  a rmature  a t  zero g y r o  s p e e d  
would be found  between 106.5 C.P.S. and 190 c.P.s., i f  s t r u c t u r a l  
f l e x i b i l i t y  was t h e  cause of  t h e  n o n l i n e a r  a n t i r e s o n a n c e  curve .  
A f t e r  this a n a l y t i c a l  p r e d i c t i o n  was d e r i v e d ,  t h e  model was 
s h a k e n  a t  Q = 0, and a v e r y  d i s t i n c t  armature a n t i r e s o n a n c e  was 
found a t  170  C.P.S. Another  a n t i r e s o n a n c e  was found above 400 
c.P.s., showing t h a t  t h e  model h a s  s e v e r a l  a d d i t i o n a l  d e g r e e s  
of freedom beyond t h e  i d e a l  d e s i g n  c o n f i g u r a t i o n .  

L: bo 

An a d d i t i o n a l  proof  t h a t  t h e  n o n l i n e a r  c u r v e  r e s u l t e d  from 
model d e f i c i e n c i e s  r a t h e r  t h a n  i n h e r e n t  l i m i t a t i o n s  of t h e  GVA, 
the s y s t e m  was "sof tened"  by p l a c i n g  two rubber  grommets i n  
series between t h e  shaker  a rma tu re  s t u d  and t h e  aluminum channe l  
a d a p t e r ,  A s  p r e d i c t e d ,  t h e  a sympto t i c  a n t i r e s o n a n t  f r equency  
was lowered  ( s e e  F i g u r e  22, A curve ) .  The s y s t e m  was t h e n  * 'sof tened* '  
f u r t h e r  i n  t h e  same manner, and, a s  expec ted ,  t h e  a s y m p t o t i c  
a n t i r e s o n a n t  f r e q u e n c y  dropped f u r t h e r  ( F i g u r e  22, El c u r v e ) .  
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From these resu l t s ,  i t  is r e a s o n a b l e  t o  conc lude  t h a t  t h e  
t h e o r y  of t h e  GVA accura te ly  describes t h e  o p e r a t i o n  of t h e  GVA 
under  t h e  assumed c o n d i t i o n s  of r i g i d  s t r u c t u r e  and s m a l l  a n g l e s .  
I t  is e v i d e n t  t h a t  o r d i n a r y  d e s i g n  p r a c t i c e s  would p r o v i d e  s u f f i -  
c i e n t  s t r u c t u r a l  r i g i d i t y  t o  ma in ta in  a l i n e a r  v a r i a t i o n  Of  0, 
w i t h  R up t o  v e r y  h i g h  f r e q u e n c i e s ,  

The a n g u l a r  speed  of t h e  gy ro  is p l o t t e d  a g a i n s t  t h e  t i m e  
e l a p s e d  from power c u t o f f  i n  F i g u r e  19. Two e x p o n e n t i a l  c u r v e s  

(Q = 420 e -1.487 x and 51 = 420 e -1.02 x 10-2t  ), w i t h  
s l o p e s  which appea red  t o  bracket t h e  t es t  d a t a  s l o p e  a t  420 RPS, 
were f i t t e d  t o  t h e  d a t a .  D i f f e r e n t i a t i o n  of  t h e s e  e q u a t i o n s  a t  
t = 0 y i e l d e d  t h e  d e c e l e r a t i o n  a t  n = 420 RPS. Because t h e  motor 
t o r q u e  is j u s t  s u f f i c i e n t  t o  overcome the t o r q u e  due t o  f r i c t i o n ,  
a i r  r e s i s t a u c e ,  e tc .  a t  s t e a d y - s t a t e  speed ,  t h e  i n s t a n t a n e o u s  
d e c e l e r a t i o n  a t  t ;= 0 t i m e s  t h o  gyro i n e r t i a ,  I = ,  s h o u l d  e q u a l  
t h e  motor t o r q u e .  V!ith t h e  gy ro  under v i b r a t o r y  e x c i t a t i o n  a t  
a n t i r e s o n a n c e ,  t h e  deceleration c u r v e  o b t a i n e d  is i d e n t i c a l  t o  
t h e  u n e x c i t e d  c a s e ,  showing t h a t  power consumption i n  t h e  model 
motor is independen t  o f  t h e  GVA v i b r a t o r y  load .  

C a l c u l a t i o n s  show t h a t  t h e  i n s t a n t a n e o u s  t o r q u e  a t  power c u t -  
o f f  (t  = 0, 420 -5.3) is Setween .0284 inch-pounds and .0414 
inch-pounds; t h e  power o u t p u t  of t h e  synchronous  motor is, there- 
f o r e ,  between .01139 horsepower and .0166 horsepower.  
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OTHER CONFIGURATIONS 

P a r a l l e l  GVA Mounting 

Ana lys i s .  - C o n s i d e r a t i o n  was g i v e n  t o  the mounting of t w o  
i d e n t i c a l  G V A ' s  with the same r o t o r  speed ,  one damped and one un- 
damped, as i n  F i g u r e  23, w i t h  t h e  e x p e c t a t i o n  o€  o b t a i n i n g  a 
zero respoi ise  r a t i o  a t  t h e  a n t i r e s o n a n t  f r equency  and a damped 
r e s p o n s e  a t  t h e  r e s o n a n t  f rcquei icy.  T h i s  was r e a l i z e d .  The 
a n a l y s i s  l e a d i n g  t o  t h i s  r e s u l t  was s i m i l a r  t o  t h a t  p r e s e n t e d  o n  
Page 14  , "Small Angular Motion". The l i i i e a r i z e d  e q u a t i o n s  of 
motion a r e  a s  f o l l o w s ,  where s u b s c r i p t  1 o r  2 i n d i c a t e  which GVA 
is c o n s i d e r e d  : 

MT l, + S, 6, + 52 Gz 

As befo re ,  a s t e a d y - s t a t e  s o l u t i o n  
assumed, and t h e  m a t r i x  form is: 

- I e ,  w 

- i  I, nu 
0 

I 

0 

- s , w 2  

= o  

= o  

= F  

of the form, q 2 Qeiwt, is 



FIGURE 2 3 . -  PARALLEL GVA MOUN'I'ING 
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Expanding t h i s  m a t r i x  y i e l d s  t h e  f o l l o w i n g  r e s p o n s e  e q u a t i o n  
a s  for  t h e  s i n g l e  GVA: 

T h i s  i s  q u i t e  s i m i l a r  t o  t h e  p a r a l l e l  GVA mountiiig. Here 
aga in ,  o f  course ,  i t  l a c k s  t h e  s y n c h r o n i z i n g  c a p a b i l i t y  of  t h e  
GVA ,, 

~ 

I t  can  be  seen (F igure  24)  t h a t  even  w i t h  damping on o n l y  one  
a x i s  of  one  GVA, a zero r e s p o n s e  a n t i r e s o n a n c e  and a damped 
r e s o n a n t  r e s p o n s e  a r e  o b t a i n e d .  The damped r e s o n a n t  r e s p o n s e  w i l l  
r a n g e  from an i n f i n i t e  r e s p o n s e  f o r  zero damping a t  a h i g h  f r e -  
quency t o  an i n f i n i t e  r e s p o n s e  f o r  i n f i n i t e  damping (on one  GVA) 
a t  a lower f requency .  These  f r e q u e n c i e s  w i l l  be: 

f o r  t h e  l a t t e r ,  

W0:- I + ~ - -  P p - - ":I 
I + P  h2 

A t  some i n t e r m e d i a t e  damping and f r e q u e n c y  there w i l l  be a 
minimum r e s o n a n t  r e sponse .  T h i s  was bo rne  o u t  i n  the n u m e r i c a l  
a n a l y s i s  a t t e n d a n t  t o  F i g u r e  24 where i t  w a s  found t h a t  a damping 
r a t io ,  f e  , of .05 y i e l d s  a r e s o n a n t  r e s p o n s e  r a t i o  of approx i -  
mate ly  2.75. 

For comparison, t h e  r e s p o n s e  e q u a t i o n  of a p a r a l l e l  Frahm 
mounting was d e r i v e d ,  and it is a s  follows: 
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S t a b i l i t y .  - The dynamic s t a b i l i t y  was i n v e s t i g a t e d  for t h e  
The p e r t i n e n t  equat ion p a r a l l e l  CVA us ing  t h e  Routh C r i t e r i o n .  

i s  t h a t  der ived from t h e  matr ix  011 Page 51 , and is a q u a r t i c  
of t h e  form: 

(87) S 4  + A 3 S 3 +  A2 S L +  A , S  + A o  = O 

where for s t a b i l i t y ,  the  complete criteria,  a s  for t h e  s i n g l e  
GVA, is that  a l l  c o e f f i c i e n t s  A are p o s i t i v e ,  and t h a t :  

For t h e  p a r a l l e l  GVA mounting: 

where: 
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I t  can be determined from Equation (89), t h a t  s i n c e  t h e  co- 
e f f i c i e n t s  A, through A3 a r e  p o s i t i v e  f o r  t h e  a r a l l e l  GVA, 
t h a t  wi th  zero damping about e i t h e r  a x i s ,  0 or $, t h e r e  is 
p o s i t i v e  s t a b i l i t y  for rotor speeds g r e a t e r  than zero .  
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C o r i o l i s  Absorber  Coiif i g u r a t i o n  

D i s c u s s i o n ,  - Research on Kaman's Gyroscopic  V i b r a t i o n  Absorber  
l e d  t o  a synchronous a b s o r b e r  concept  based on r o t a t i n g  i n e r t i a l  
e l e m e n t s  a r ranged  i n  a manner d i f f e r e n t  Prom t h e  c l a s s i c a l  gyro-  
s cope ,  This  r o t a t i n g - i n e r t i a  synchronous a b s o r b e r  ( c a l l e d  t h e  
C o r i o l i s  Absorber because  of t h e  impor tan t  r o l e  of C o r i o l i s  f o r c e s  
i n  its o p e r a t i o n )  h a s  t h e  advantages  o v e r  t h e  Gyroscopic  Absorber  
of l i n e a r  s y n c h r o n i z a t i o n  t o  t w o  e x c i t a t i o n  f r eque i i c i e s  and i s o -  
t r o p i c  a b s o r p t i o n  i n  t h e  p l a n e  of r o t a t i o i i .  

The device,  shown s c h e m a t i c a l l y  i n  F i g u r e  25, c a l l e d  t h e  
" C o r i o l i s  Absorber", w i l l  produce a r e sponse  a s  shown i n  F i g u r e  26 
i n  a l l  d i r e c t i o n s  p e r p e n d i c u l a r  t o  t h e  a x i s  of r o t a t i o n .  F i g u r e  
26 shows a n t i r e s o n a n c e s  a t  t w o  f r e q u e n c i e s  which may or may n o t  
be harmoiiics. F i g u r e  27 i l l u s t r a t e s  t h e  C o r i o l i s  Absorber  i n  m o -  
t i o n .  F i g u r e s  28 through 31 show a l t e r n a t e  d e s i g n s  of t h e  C o r i o l i s  
Absorber.  

Ana lys i s  of a mathemat ica l  model oP t he  C o r i o l i s  Absorber  
shows t h a t  t w o  s e t s  of " t r i p o l e s "  (such a s  shown i n  F i g u r e  32), 
each  set  p i v o t i n g  independent ly  about  one of t h e  r o t a t i n g  axes ,  
a r e  s u f f i c i e i i t  for p o l a r  s y m m e t r y .  

The fundamental  a n a l y t i c a l  r e l a t i o n s h i p  between t h e  gyro-  
s c o p i c  and t h e  " C o r i o l i s "  c o n f i g u r a t i o n  is demonst ra ted  by " p o s i t i o n  
t e 11 so  r s )I, 

where for  the GVA, 

and  where for t h e  C o r i o l i s  V i b r a t i o n  Absorber,  
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FIGURE 25.- SCHEMATIC OF KAMAN'S 
CORIOLIS VIBRATION ABSORBER 
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STRUCTURAL 
RESPONSE 

I 60 

= f ( E x c i t a t i o n  Frequency) 

F I G U R E  26, - GENERAL RESPONSE OF A 
STRUCTURE WITH A C O R I O L I S  VIBRATION ABSORBER 



fa 

FIGURE 27.- COItIOLIS VIBRATION ABSORBER IN MOTION 
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F I G U R E  28 . -  AN ALTERNATE CONFIGURATION O F  THE 
C O R I O L I S  V I B R A T I O N  ABSORBER 
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F I G U R E  29 . -  AN ALTERNATE CONFIGURATION OF THE 
C O R I O L I S  VIBRATION ABSORBER 
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FIGURE 30.- AN ALTERNATE CONFIGURATION OF THE 
CORIOLIS VIBRATION ABSORBER 
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FIGURE 3 1 . -  AN ALTERNATE CONFIGURATION OF THE 
C O R I O L I S  V I B R A T I O N  ABSORBER 
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FIGURE 32 . -  T R I P O L E  AXES SYSTEM 
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F I G U R E  3 3 , -  GENERAL R I G I D  BODY A X I S  SYSTEM 

A n a l y s i s .  - Consider  a r i g i d  body c o n s t r a i n e d  t o  p i v o t  about  
t h e  yp a x i s  w i t h  t h e  c e n t e r  of g r a v i t y  of t h e  body a d i s t a n c e  h 
from t h e  Vr axis .  The c o o r d i n a t e s  Xp , & , Z p  are  f i x e d  t o  t h e  
r i g i d  body w i t h  t h e  o r i g i n  a t  t h e  c e n t e r  of g r a v i t y  and a r e  
p r i n c i p a l  axes,, 
body are  g i v e n  by Equa t ions  (93). 

The f i x e d  c o o r d i n a t e s  of a p a r t i c l e  of t h e  r i g i d  
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Using t h e  P r i n c i p l e  of V i r t u a l  Work, d'Alembert's  Equations 
for n i d e n t i c a l  r i g i d  b o d i e s  d i sposed  about t h e  ax i s  of r o t a t i o n ,  
each a t  angle $In from t h e  Yr a x i s ,  become: 

(96) 
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The p a r t i a l  d e r i v a t i v e s  of  Equat ion  (93) w i t h  r e s p e c t  t o  A x  
are  a l l  z e r o  excep t :  

& = I  
3 61. (9'7 1 

Wri t ing  approximat ions  for Equat ion  (95) and Equat ion  (96) for 
s m a l l  v a l u e s  of a n g l e  0, s u b s t i t u t i n g  i n t o  t h e  f i r s t  o f  Equat ion  
(91) and obse rv ing ,  i n  t h e  i n t e g r a t i o n ,  t h a t  axes p a r e  p r i n c i p a l  
axes ,  and t h e  0 e q u a t i o n  becomes: 

where J , = k m  and m is t h e  t o t a l  mass of t h e  r o t a t i n g  e lements .  

M u l t i p l y i n g  Equat ion  (98) by s i n  ( f i t  + 6 ; )  and a g a i n  by 
cos ( J l t  tb,) t o  y i e l d  two equa t ions  w i t h  f i x e d  s y s t e m  c o o r d i n a t e s ,  
and making t h e  s u b s t i t u t i o n s :  

n 

I = I  

and a l so  t h e  s u b s t i t u t i o n s :  



, it is s e e n  t h a t :  
0- qZ = - 2 

and summing f o r  n = 2, 

S , t 2  + WI k; = FP 

and t h e  equat ions  of motion of t h e  sys tem.  

In matr ix  form: 
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Note t h a t  there are two a n t i r e s o n a n c e s ,  each a n t i r e s o n a n t  
f r equency  d i r e c t l y  p r o p o r t i o n a l  to  t h e  a n g u l a r  v e l o c i t y  of t h e  
abso rbe r .  

S e t t i n g  t h e  denominator  of Equat ion (104) e q u a l  t o  z e r o  and 
s o l v i n g  f o r N  shows t h a t  there  are two r e s o n a n t  f r e q u e n c i e s ,  

The summations f o r  two r i g i d  masses, performed on Equa t ions  
(100) and (101) i n  o b t a i n i n g  Equat ion (102),  show t h a t  t h e  ab- 
sorber has polar  symmetry about  t h e  a x i s  of r o t a t i o n .  
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RANDOM VIBRATION APPLICATIONS 

The GVA is s u p e r i o r  t o  t h e  Frahm a b s o r b e r  i n  t h e  a t t e n u a t i o n  
of a random v i b r a t i o n  spectrum, s i n c e  s y n c h r o n i z a t i o n  o f  t h e  GVA 
t o  t h e  predominant f requency  o r  f r equency  band is f e a s i b l e ,  
Where such a f r equency  is  a f u n c t i o n  of  some "shaf t1 '  speed,  a 
g e n e r a t o r  could b e  d r i v e n  d i r e c t l y  by t h e  s h a f t ,  t h u s  s u p p l y i n g  
t o  t h e  GVA r o t o r  a d r i v i n g  f requency  p r o p o r t i o n a l  t o  t h e  s h a f t  
speed .  However, where t h e  predominant  f r equency  is  n o t  s u c h  a 
d i r e c t  f u n c t i o n ,  t h e n  e l e c t r o n i c  d i s c r i m i n a t o r y  c i r c u i t r y  m u s t  b e  
employed, Its purpose  w o u l d  be t o  su rvey  a t i m e  h i s t o r y  o f  
a c c e l e r a t i o n  o b t a i n e d  w i t h  a band-pass f i l t e r  ( o r  spec t rum a n a l y z e r )  
f e d  by a v i b r a t i o n  t r a n s d u c e r .  The s u r v e y  of power v e r s u s  f r e -  
quency w i l l  y i e l d  a s i g n a l  i n p u t  t o  c o n t r o l  t h e  GVA ro tor  s p e e d  
s u c h  t h a t  t h e  a n t i r e s o n a n c e  w i l l  occur a t  t h e  f r equency  of maxi- 
mum power spec t ra l  d e n s i t y .  

S ince  power s p e c t r a l  d e n s i t i e s  of  i n p u t ,  x ( W ) ,  and r e s p o n s e  
y ( d ) ,  are r e l a t e d  by t h e  f o l l o w i n g  e x p r e s s i o n  (Reference  7 ) :  

i t  can  be s e e n  t h a t  there  is s l i g h t  d i f f e r e n c e  between t h e  con- 
v e n t i o n a l  Frahm and t h e  GVA ( l i n e a r i z e d  r e s p o n s e )  i f  b o t h  are  
tuned  t o  t h e  same f requency .  However, s l i g h t  changes  i n  t h e  p r e -  
dominant f r equency  n e g a t e s  t h e  e f f e c t i v e n e s s  of t h e  Frahm, whereas  
t h e  GVA can  b e  r e synchron ized ,  
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CONCLUSIONS 
I 

1. Rigorous d e r i v a t i o n  of t h e  e q u a t i o n s  of motion of t h e  GVA 
c o n f i r m s  t h a t  t h e  a n t i r e s o n a n c e  can  be l i n e a r l y  s y n c h r o n i z e d  t o  
t h e  e x c i t a t i o n  f requency ,  t he reby  g i v i n g  t h e  effect  o f  i n f i n i t e  
bandwidth t o  a discrete b u t  v a r i a b l e  e x c i t a t i o n  a n t i r e s o n a n t  
f requency .  

2. The c a p a c i t y  of t h e  GVA t o  produce an  a n t i r e s o n a n c e ,  t h e  
f r equency  of which is a f u n c t i o n  of gyro  speed ,  was demons t r a t ed  
e x p e r i m e n t a l l y .  

3. P r e l i m i n a r y  a n a l y s i s  i n d i c a t e s  t ha t  a p a r t i c u l a r  c o n f i g u r a -  
t i o n  of synchronous  absorbers is c a p a b l e  of  s i m u l t a n e o u s  
s y n c h r o n i z a t i o n  of  two a n t i r e s o n a n t  f r e q u e n c i e s  and w i l l  p roduce  
a n t i r e s o n a n c e  i n  any d i r e c t i o n  i n  t h e  p l a n e  of r o t a t i o n .  

4. The mounting of  two GVA's  i n  p a r a l l e l ,  one  damped and t h e  
o t h e r  undamped, y i e l d s  (from t h e  l i n e a r i z e d  e q u a t i o n s )  an un- 
damped a n t i r e s o n a n t  f r equency  and a damped r e s o n a n c e  which can  
be optimized. 

5. 
t h e  GVA c a u s e s  a f i n i t e  a n t i r e s o n a n t  f r equency  a t  zero gyro  speed .  
However, t h e  a n t i r e s o n a n t  f r equency  a s y m p t o t i c a l l y  approaches  
l i n e a r i t y  w i t h  gy ro  speed a s  t h e  gyro  speed  becomes v e r y  large 
compared t o  t h e  s t a t i c  ( n o n r o t a t i n g )  n a t u r a l  f r equency .  

T o r s i o n a l  s p r i n g  r e s t r a i n t  about e i ther  t h e  0 o r  $ a x i s  of 

6 .  T o r s i o n a l  r e s t r a i n t  about  both t h e  8 and $ a x e s  of t h e  GVA 
produces two a n t i r e s o n a n c e s ,  one  of which a s y m p t o t i c a l l y  ap- 
p r o a c h e s  zero w h i l e  t h e  o t h e r  a s y m p t o t i c a l l y  approaches  l i n e a r i t y  
wi th  g y r o  speed as t h e  g y r o  speed becomes la rge  compared t o  t h e  
n o n r o t a t i n g  n a t u r a l  f r equency .  

7 ,  Damping about e i ther  a x i s  of t he  GVA, 8 or  4, shou ld  be 
minimized f o r  minimum structural response a t  antiresonance, 

8 .  S t r u c t u r a l  f l e x i b i l i t y  i n  t h e  t a r e  (or i n n e r  g imbal )  of 
t h e  GVA causes t h e  a n t i r e s o n a n t  f requency  t o  asymptot ica l ly  ap- 
p r o a c h  a f i n i t e  v a l u e  which is a lways  less t h a n  the  n o n r o t a t i n g  
"beam" mode f r equency  of t h e  GVA, This phenomenon is a n  example 
of t r a n s l a t o r y  env i ronmen ta l  e x c i t a t i o n  o f  g y r o s c o p i c  n u t a t i o n a l  
r e s o n a n c e  . 
9. A method of s o l v i n g  t h e  e x a c t  e q u a t i o n s  of motion, i n c l u d i n g  
t h e  e f f e c t s  of damping and e l a s t i c  r e s t r a i n t ,  is p r e s e n t e d .  
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10. The absorpt ion by t h e  GVA of a spectrum of random v i b r a t i o n  
is s i m i l a r  to t h a t  of a convent ional  Frahm when tuned to t h e  same 
frequency, However, synchronizat ion to  a v a r i a b l e  power peak i n  
t h a t  spectrum is f e a s i b l e  for t h e  GVA. 
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